Hollow hydrogels represent excellent nano-and micro-carriers due to their ability to encapsulate and release large amounts of cargo molecules (cosolutes) such as reactants, drugs, and proteins. In this work, we use a combination of a phenomenological effective cosolute-hydrogel interaction potential and Dynamic Density Functional Theory 1 arXiv:1901.05714v1 [cond-mat.soft]
to many external stimuli. [1] [2] [3] A typical example of a thermoresponsive hydrogel is the one formed by poly(N-isopropylacrylamide) (pNIPAM), whose phase behavior is nowadays well understood. [4] [5] [6] Swelling is a reversible process, allowing the reuse of the particles over many swelling/shrinking cycles. The presence of cross-links provides structural integrity, so hydrogel particles do not dissolve in the swelling process. In addition, hydrogels have a high permeability, and can be designed to be biocompatible and biodegradable. These important features make hydrogels very promising biomaterials for many versatile applications.
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For instance, hydrogels represent excellent nanocarriers to incorporate and release host biomolecules or drugs in a responsive fashion. In the particular case of drug delivery, they can be used to control the dose, release rate and location of the therapeutic drug, acting as a protecting cover of the encapsulated molecule when immersed in biological environments.
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They can also be used in biosensing applications, 12 as nano or microreactors with tuneable catalytic reaction rates 13, 14 or as selective traps for chemical separation and purification.
15,16
Of particular interest to some applications are stimuli-responsive hollow hydrogels: particles formed by a single or multiple cross-linked polymeric shells with a hole inside, in which the swelling of the polymeric network may be varied, for instance, with temperature of solvent pH. [17] [18] [19] [20] On the one hand, the presence of the internal void greatly enhances the load capacity of different kind of molecules (drugs, proteins and other biomolecules, reactants,...) [21] [22] [23] [24] On the other hand, by tuning the swelling state of the hydrogel membrane, the diffusion process and, consequently, the cargo encapsulation/release rate, can be externally manipulated. 25 In fact, if the hollow hydrogel approaches the impermeable collapsed state, cargo molecules trapped in the void become completely isolated from the bulk suspension.
Inducing progressive swelling states, the cargo release rate can be gradually increased.
26,27
For instance, hollow hydrogels of poly(4-vinylpyridine) have been recently used in in-vivo experiments to encapsulate paclitaxel molecules (one of the most effective cytotoxins for the treatment of breast and lung cancer) to increase antitumoral efficacy accompanied by efficient cell internalization and reduction of collateral effects. 28 In addition, poly(thyol-ene) and poly(methacrylic anhydride) microcapsules have been successfully employed to encapsulate neutral and charged molecules of different molecular weights, adjusting the cargo release on demand. The permeability of these microcapsules was strongly dependent on the degree of swelling, and could be actively and dynamically modified by varying the pH of the medium.
29-31
Controlling the kinetics of the encapsulation/release process is one of the major goals in all these applications. In some situations, a high release rate is required to achieve a fast response after the trigger stimulus. In other applications, a slow and gradual cargo release of drugs, proteins and other bioactive agents is more convenient to achieve sustained effects.
Therefore, understanding the physicochemical interactions involved in the kinetics of this kind of processes is fundamental to improve the efficiency of newly-designed hydrogels.
However, in spite of the large number of potential applications, a complete theoretical description of the equilibrium and dynamic (non-equilibrium) transport properties of hollow hydrogels employed in cargo encapsulation or release is still lacking. In this regard, it is remarkable that most models to describe the encapsulation or release kinetics of these systems are still based on the ideal diffusion equation. [32] [33] [34] [35] [36] [37] More precisely, the coupling introduced by the interactions between the matrix and the drug is not explicitly considered and their effects are lumped together in the value of effective constants such as the drug diffusivity or solubility. These approximations were already questioned by other authors. Petropoulos, Papadokostakis and Amarantos, 38, 39 for instance, showed that the kinetics of drug release can be written as a generalised diffusion equation, where the activity of the various components appear. The latter can be extrapolated from fitting equilibrium adsorption isotherms and used to calculate the kinetics more reliably. [40] [41] [42] A more fundamental and predictive approach can be built instead by recognising that the activity simply measure non-ideal behaviour, hence its effects can be directly calculated from the microscopic interactions in the system. This is exactly the route we take here, and in doing this we show how these underlying physical interactions between the molecule and the polymer network play a key role in 4 controlling the encapsulation rate and the location of the uploaded cargo. For example, our theory predicts that depending on these interactions the cargo can mainly partition in three different ways: inside the internal core, into the hydrogel membrane, or superficially adsorbed onto the external layers of the hollow hydrogel. Not surprisingly, the encapsulation kinetics also depends on the diffusion coefficient of the molecule inside the polymer network. Indeed, obstruction and hydrodynamic retardation effects exerted by the polymers, considered in our framework, can drastically slow down the diffusion across the hydrogel membrane, especially for shrunken hydrogels.
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The aim of this paper is to provide a theoretical background to predict the full nonequilibrium encapsulation kinetics and the final equilibrium distribution of a certain neutral or charged substance (which we will refer as cargo or cosolute) through the hydrogel membrane for many distinct conditions (swelling state and density charge of the hydrogel, and charge and electric dipolar momentum of the cargo). For this purpose, a phenomenological effective pair potential, V eff (r), that combines electrostatic, osmotic and excluded-volume (steric) energetic contributions is deduced for the cosolute-hydrogel, interactions. 46 In our model, we consider the general situation of non-uniformly charged cosolutes (such as the case of heterogeneous reactants, ligands, small proteins, etc), and include the Born solvation attraction to account for the charge screening effects caused by the excess of counterions inside the charged hydrogel. We employ the resulting effective Hamiltonian to explore a wide spectrum of parameters, and summarize the results by means of state diagrams, where the final equilibrium states are classified into seven different categories: weak and strong exclusion/absorption of cosolute inside the hydrogel membrane, and metastable, weak and strong adsorption onto the surfaces of the hydrogel.
Using this effective hydrogel-cosolute interaction, we propose an equilibrium density functional, and then generalize it to non-equilibrium situations by means of the theoretical formalism called Dynamic Density Functional Theory (DDFT), 47 which has been successfully applied to similar problems. 48, 49 The resulting theory is then employed to obtain the time 5 evolution of the cosolute concentration in terms of the hydrogel-cosolute interactions and its local diffusion coefficient inside the hydrogel network for different cosolute charge, dipole moments and swelling states. As the presented model includes the excluded-volume effects of the effective interaction and cosolute diffusivity, it can be applied to any swelling state of the hydrogel, from the collapsed to the swollen conformations.
Results and discussion
The system under study consists of a single hollow hydrogel particle immersed in an aqueous solution of monovalent salt at concentration ρ s with a certain amount of cosolute molecules suspended in the bulk solution, at concentration ρ bulk c
. Ions are assumed to be point-like, and the solvent (water) is treated in our model as a uniform background of relative dielectric constant r = 78.5. We consider that the hydrogel is spherical, with internal and external radius given by a and b, respectively. The polymer density inside real hydrogels does not drop abruptly to zero at the interface. This is especially true for swollen hydrogels, where the polymer density is more or less uniform inside the network, but gradually decreases to zero at the external interface. 50 To model this radial dependence for the hollow hydrogel, we combine two error functions. Therefore, the polymer volume fraction is given by
where r is the distance to the hydrogel center, φ in p is the polymer volume fraction inside the spherical membrane, 2δ represents the thickness of both, the internal and external interfaces, Figure 1 ). The concentration of charged monomers inside the hydrogel is supposed to follow the same profile than the polymer volume fraction Figure 1 : Schematic illustration of the system: a single charged hollow hydrogel immersed in a salty solution with charged cosolute particles of radius R c . Cosolutes with a typical diameter smaller than the mesh size diffuse from the external volume to the internal one, leading to an encapsulation process. Below, the polymer volume fraction is plotted as a function of the distance to the hydrogel center, r.
The swelling ratio of the hydrogel, q, is a crucial parameter, as it controls the equilibrium distribution of cosolute molecules and their encapsulation/release kinetics. It is defined as the ratio between the radius at the swollen state, b, and at the reference collapsed state, b 0 , q = b/b 0 . We assume uniform swelling, so a = qa 0 , δ = qδ 0 , φ Regarding the cosolute particles, we do not specify any particular molecule. In fact, our generic cosolute may represent different types of neutral or charged molecules, such as proteins, biomolecules, drugs or chemical reactants. In principle, we only consider the cosolute as a particle of characteristic radius R c , net charge q c = z c e (where e is the elementary charge and z c the cosolute valence) and electric dipole moment µ c . This dipole moment is necessary in order to account for the electrostatic effects that arise when the cosolute is not uniformly charged. The cosolute concentration at any time t > 0 at distance r from the hydrogel center is denoted by ρ c (r, t). Upon reaching the equilibrium state, the final density profile, ρ eq c (r),
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will depend on the external field created by the hydrogel and the ionic cloud.
In this work we make use of a simple model for the effective hydrogel-cosolute interaction potential that gathers an electrostatic term, an osmotic repulsion exerted by the excess of counterions inside the charged hydrogel network and a steric (excluded-volume) repulsion induced by the polymer chains:
In addition, the electrostatic term is split into three more contributions: (i) The monopolar interaction due to the coupling between the cosolute charge (z c ) and the electrostatic potential generated by the charged hydrogel. 
Numerical implementation and choice of parameters
Given the large number of variables involved in the system, we fixed some of them to reduce in the range −20 ≤ z c ≤ +20, and the cosolute dipole electric moment is changed in the interval 0 ≤ µ c ≤ 1000 D. The broadness of these intervals are large enough to cover almost all the possible cosolutes that may be involved in the applications, including highly charged and polar proteins. 52, 53 The effect of the steric exclusion is explored by varying the swelling ratio from q = 1 (collapsed) to q = 3 (swollen). All the dimensions of the hollow hydrogel, polymer volume fraction and charge density are accordingly rescaled for any swollen state.
Effective interaction and state diagrams
From the shape of the effective potential, it is possible to determine the degree of sorption and predict where the cosolute will preferentially partition. 
(4)
(1)
( 1) bV eff Born attractions. States associated to weak internal exclusion and weak internal absorption become confined to a very thin region of the diagram, which means that the system rapidly goes from strong exclusion to strong internal absorption with only a small increase of z c .
The region of strong surface adsorption becomes also larger due to the enhancement of the dipolar attraction, and extends from smaller values of µ c .
Important changes are observed in the diagrams for q = 2 (swollen state). In this case, the steric repulsion is greatly reduced (steric barrier of 0.96 k B T ), so the diagram becomes 12 more sensitive to the electrostatic interactions. As a consequence of the very weak steric preclusion, the state points of strong exclusion are now confined in the region z c < 0. In other words, only electrostatic repulsion can prevent the cosolute from diffusing inside the hydrogel. As the swollen hydrogel also has a smaller charge density, the effective interactions become in general weaker. This effect is clearly observed in the plot for ρ in,0 m = 0.1 M (Figure 3(c) ), where the regions of weak internal exclusion and weak internal absorption become greatly expanded. Only for oppositely highly charged cosolutes, the strong internal absorption may be reached. Interestingly, the competition between monopolar repulsion and Born attraction leads to another state reentrance. Due to the weak interaction forces, strong surface adsorption does not occur for this swelling configuration, and metastable and weak surface adsorption becomes reduced to a very small region.
Increasing the hydrogel density charge to ρ in,0 m = 0.5 M (Figure 3(d) ) emphasizes the electrostatic effects. As a consequence, the region of strong absorption extends to smaller values of z c , and the regions of weak and strong surface adsorption become expanded. Increasing µ c leads to stronger dipolar attractions, which gradually pushes the state from metastable to strong adsorption. The re-entrance appearing in the adsorption states also has a similar explanation, although in this case the dipolar term is also involved in the energy balance.
The effect of the hydrogel swelling is studied in Figure 4 , where four z c − q diagrams obtained for two hydrogel density charges and for non-polar and polar cosolutes are depicted. Interestingly, for swollen hydrogels, the transition between weak internal absorption and weak internal exclusion becomes independent on the swelling ratio, q. This behavior can be rationalized in terms of the balance between the significant energetic contributions of the effective potential (Eqs. 6, 7, 9 and 11 in the Methods Section). In this limit, the monopolar term inside the hydrogel network scales with q as βeψ ∼ z c z m ρ in,0 m /(2ρ s q 3 ), the Born attrac-
, whereas the steric term tends
Since all contributions to V eff decrease asymptotically with q −3 in the limit of large q, the transition between weak absorption and weak exclusion (which occurs when V eff = 0) becomes independent of q. For the particular values of Figure 4 (a), this transition happens for z c = 10.2.
Strong and weak surface adsorption states also emerge, although they are confined in the region close to the collapsed state. In this limit, a small region of weak adsorption and strong exclusion is found, which means that cosolutes tend to adsorb onto the hydrogel 
Encapsulation kinetics
We solved the DDFT differential equations (Eqs. 14-18 of Methods section) to determine the time evolution of the cosolute concentration. Within this theoretical framework, the cosolute uptake kinetics may be described in terms of the cosolute diffusion coefficient inside the hydrogel, the cosolute concentration and V eff (r).
In the initial stage, cosolutes are uniformly distributed outside the hydrogel. During the process, integration of the density profile allows the calculation of the total number of molecules trapped inside the core, in the polymer network, and outside the hydrogel. Figure 5 shows the average cosolute concentration inside the internal hole, defined 
normalized by the bulk concentration for different values of q, z c and µ c . In all cases, the concentration inside is zero during the initial stage because cosolute particles need some time to diffuse across the hydrogel membrane from the bulk. The duration of this initial lag time depends on the swelling state and the value of the effective interactions. For instance, it is longer for collapsed hydrogels since the repulsive steric barrier is higher and the diffusion coefficient is smaller, and decreases as the electrostatic attraction is enhanced. After this initial delay time, ρ hole c (t) experiences an accelerated growth that saturates when the cosolute distribution approaches the final equilibrium state.
In the next three sections we explore the effects of q, z c and µ c on the encapsulation kinetics. In these three studies, the cosolute radius, bulk cosolute concentration and bulk salt concentration were fixed to R c = 1 nm, ρ 
Effect of the hydrogel swelling
To explore how the swelling state of the hollow hydrogel affects the dynamics of cosolute encapsulation, a set of calculations was performed for different values of q, keeping fixed the rest of parameters. We considered a neutral and apolar cosolute hydrogel (z c = 0 and µ c = 0), and a hydrogel of charge density (in the collapsed state) given by ρ in,0 c = 0.1 M. Figure 6 illustrates the time evolution of the normalized cosolute density profile for a swollen state, q = 3 (top panel), and for a partially collapsed state, q = 1.5 (bottom panel).
The hydrogel membrane and its two interfaces are depicted in colored background. In the initial stage, cosolute molecules are outside the hydrogel. As the time evolves, they diffuse through the hydrogel membrane until the internal hole is filled at the bulk concentration.
For q = 3 the cosolute concentration is only slightly depleted in the final equilibrium state.
However, this depletion effect becomes much more important for q = 1.5, where the steric barrier is about 2.4 k B T , leading to very sharp concentration gradients at both interfaces.
Also the cosolute diffusion process through the hydrogels takes longer for q = 1.5. The reduction of the in-diffusion rate when hydrogel collapses can also be clearly appreciated in Figure 5 , where the time evolution of the cosolute concentration inside the hydrogel hole is plotted for both swelling states (curves a1 and a2, respectively). This is caused by the combination of two effects: (1) cosolute molecules need more time to overcome the steric barrier located at the external interface of the hydrogel, and (2) the diffusion process inside the membrane is slower due to the steric and hydrodynamic obstruction effects (see Eq. 18 in the Methods Section). Therefore, this kinetic regime can be regarded as steric-precluded diffusion.
The time required to fill the hydrogel hole with half of the bulk cosolute concentration, t 1/2 , is plotted in Figure 7 . This plot confirms that, in general, t 1/2 shows a strong increase as the hydrogel collapses, which is a clear signature of the enhancement of the excluded-volume interactions in this steric-precluded regime.
It is also interesting to note the existence of a non-monotonic behavior in the region of Figure 7 : Time required to fill the internal hole at half of the bulk concentration, t 1/2 , as a function of the swelling ratio, q. Inset: blow-up for 1.6 < q < 3.0.
highly swollen states, where t 1/2 decreases from q = 3 to q = 2.6 (see inset of Figure 7 ).
In this regime, the polymer volume fraction is so diluted that obstruction and steric effects are negligible, so cosolutes diffuse across the hydrogel membrane almost like in the bulk.
However, for q = 3 the hydrogel is also more expanded, so the cosolute needs additional time to travel along the whole extension of the network, and so increasing t 1/2 .
Effect of cosolute charge
In a second set of calculations, the effect of the cosolute net charge (z c ) on the encapsulation kinetics is analyzed for apolar cosolutes (µ c = 0) and for an hydrogel with q = 1.5 and Conversely, the encapsulation process for likely charged cosolutes (z c < 0) becomes very slow. In this case, the combination of electrostatic and steric repulsion strongly reduces the uptake rate, leading to an important depletion of molecules in the hydrogel membrane. This phenomenon is also illustrated in Figure 5 (curves b1 and b2), where a significant reduction 20 of the encapsulation kinetics occurs when z c is varied from +8 to −2. This decrease of the indiffusion rate has been found in the uploading of anionic dyed cargos across hollow hydrogel membranes in water purification applications due to the electrostatic rejection induced by previously adsorbed cargos.
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A more detailed study of the effect of z c on the encapsulation kinetics can be observed in Figure 8(b) , where the time to reach half the equilibrium loading is plotted against z c .
Two well-defined kinetic regimes are clearly appreciated in this plot. On the one hand, for z c ≥ +4, the combination of Born solvation and monopolar electrostatic attraction dominate over the rest of repulsive terms, leading to strong cosolute absorption (V in eff < −1 k B T ). In this regime, the cosolute is so attracted to the polymer network that rapidly crosses the external interface of the hydrogel. Here, the kinetic behavior does not change with the cosolute charge, as it is fully controlled by the diffusion time across the hydrogel membrane:
diffusion-controlled regime. On the other hand, for z c < +4, the steric repulsion start to affect the dynamics. This steric effect is strengthen even more by the monopolar electrostatic repulsion for z c < 0, leading to a larger repulsion as z c becomes more negative. In order to diffuse inside the hole, the cosolute molecules must be able to surpass this effective repulsive barrier. This leads to t 1/2 that grows exponentially with the cosolute charge, in the so-called interaction-controlled regime.
However, it should be emphasized that the release kinetics from the internal hole to the bulk suspension is not just a simple reverted process of the uptake. In fact, it shows a very different qualitative outcome. This is clearly illustrated in Figure 9 , which depicts the time to release half of the encapsulated cosolute (t 1/2 ) as a function of the cosolute charge. In particular, when the cosolute and the hydrogel are oppositely charged, the release of the cargo contained in the internal hole becomes seriously precluded due to the electrostatic trapping within the polymer shell during escape. For like charged solutes the polymer constitutes a large barrier for escape. These effects lead both to a decrease of the diffusion rate with higher absolute charge that can strongly inhibit the cargo release, and to the appearance As the encapsulation process proceeds and the cosolute propagates across the membrane, a second concentration peak located at the internal interface develops at longer diffusion times for the same reason. In the final equilibrium state, the dipolar contribution to the Born attraction yields weak cosolute absorption inside the hydrogel network. Again, a clearer picture of the effect of the dipole moment can be gained in Figure 10 in Figure 10(b) ). Both minima prevent the diffusion process, especially at the external layer where the cosolute becomes strongly adsorbed and accumulates in time, impeding the diffusion of more molecules through the membrane. As a result of this, t 1/2 shows a quite significant growth with µ c . This result can also be appreciated in Figure 5 (curves c1 and c2), where ρ hole c (t) shows a faster time evolution for µ c = 800 D than for 1200 D. We call this effect adsorption-hindered diffusion.
Conclusions
In summary, we studied the equilibrium states and the non-equilibrium encapsulation kinetics of charged cosolutes in the presence of a hollow charged hydrogel in salty suspensions for a wide range of solute charges and electric dipole moments, and for hydrogels with different charge density, covering swelling ratios ranging from q = 1 (collapsed state) to q = 3 (swollen state).
Our results indicate that the swelling state of the hollow hydrogel plays a very important role on determining the equilibrium cosolute distribution and the uptake dynamics, due to the excluded-volume repulsion induced by the polymer network and the osmotic pressure exerted by the excess counterions inside the hydrogel. The strong cosolute obstruction achieved close to the collapsed state emphasize volume-exclusion inside the hydrogel membrane, promotes the appearance of surface adsorption states and strongly hinders the encapsulation kinetics (steric-precluded regime). These steric effects are reinforced by the electrostatic repulsion for likely charged cosolutesm leading to an interaction-controlled kinetic regime, in which the encapsulation kinetics slows down exponentially with the cosolute charge.
Conversely, steric and osmotic exclusion becomes counterbalanced by the electrostatic attraction for the case of cosolutes oppositely charged than the polymer. In fact, cosolutes
with high values of z c tend to be strongly absorbed into the polymer network of the hydrogel. In this regime, the encapsulation process is significantly accelerated, and becomes almost completely independent on z c . In other words, the cosolute uploading is controlled by the diffusion time required to cross the hydrogel membrane (diffusion-controlled regime).
However, it should be emphasized that in this regime, the uptake mainly occurs in hydrogel shell, and not in the internal hole.
The non-uniform charge distribution of the cosolute particle has also important implications. In particular, surface adsorption onto both hydrogel interfaces are promoted when increasing the cosolute electric dipole moment due to the enhancement of the effective cosolute-hydrogel dipolar attraction. We report a non-monotonic behavior of the encapsu-lation kinetics in terms of µ c : For small values µ c , the increase of Born solvation attraction with µ c emphasizes its absorption in the polymer network of charged hydrogels, increasing the encapsulation rate. However, for high enough µ c , the kinetics enters the so-called adsorption-hindered regime, in which surface adsorption at the external layer impedes the in-diffusion, which gives rise to a slow down of the encapsulation kinetics.
The model presented here can be easily extended to investigate the inverse case of cargo release kinetics which could exhibit very different kinetic behavior, i.e., would not be a simple time reversal of the uptake process. In particular, when the cosolute and the hydrogel are oppositely charged, the release of the cargo contained in the internal hole becomes seriously precluded due to the electrostatic 'trapping' within the polymer shell during escape. For like charged solutes, on the other hand, the polymer constitutes a large barrier for escape from the void. These effects leads both to a decrease of the diffusion rate with higher absolute charge and hence to the appearance of a non-monotonic behavior of the release time as a function of the cosolute charge that is not observed in the encapsulation process. A detailed discussion will follow in a future study.
Moreover, in many of the applications of hydrogels particles as nanoreactors or drug delivery vectors, the kinetics of the solute uptake (or release) may have an important repercussion on the swelling state of the hydrogel. 57, 58 Therefore, the generalization of the freeenergy functional to incorporate the swelling dynamics in response of the cosolute absorption/exclusion/adsorption is also a fruitful future work. There have been, for instance, peculiar phenomena related to mechanical instabilities near the consolute points. [4] [5] [6] Finally, recent simulations and theoretical predictions performed with hydrophobic cosolutes show that the interplay between hydrophobic adhesion and steric exclusion leads to a maximum in the uploaded cosolute for certain intermediate swelling state. 59 Therefore, including an additional specific polymer-cosolute free-energy contribution in our present model will incorporate the effect of hydrogel bonds and short-range hydrophobic/hydrophilic forces. 60 
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Methods
Calculation of the effective hydrogel-cosolute interaction
One of the most important parameters determining the cosolute equilibrium density profiles around a hydrogel particle and its absorption kinetics is the effective hydrogel-cosolute interaction, V eff (r). In this work, we follow a similar phenomenological representation for this effective pair potential previously used in earlier studies, and assume that it can be split into three additive contributions: electrostatic, osmotic and steric (see Eq. 3).
46,61
V elec represents the effective electrostatic interaction between the cosolute and the charge distribution of the hydrogel and the ions surrounding it. Neglecting high order multipolar contributions, V elec (r) can be expressed as the sum of a monopolar term, an attractive orientation-averaged dipolar term, and a Born solvation self-energy
Here, ψ(r) is the electrostatic potential induced by the hydrogel together with its ionic double layer, and E(r) = −dψ(r)/dr is the corresponding local electric field. Considering a Boltzmann distribution of ions and assuming electroneutrality (realized by the high enough concentration of monovalent salt, as the Debye screening length is much smaller than the polymer shell thickness), ψ(r) takes the form of a Donnan potential
where β = 1/(k B T ) (T is the absolute temperature, and k B = 1.38 × 10 −23 J/K is the Boltzmann constant), and h(r) is defined as the ratio between the local charge density induced by cosolutes and hydrogel charged monomers, and the bulk concentration of ions
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Depending of the sign of the cosolute particle, z c eψ(r) can be attractive or repulsive, and always reaches its maximum absolute value in the center of the hydrogel membrane.
The second term of Eq. 5 represents the dipole interaction between the cosolute permanent dipole moment (µ c ) and the electrostatic mean field generated by the charged hydrogel together with the ionic double layer, E(r) = −dψ(r)/dr. For strong E(r), the dipole tends to align in the same direction than E(r), whereas for low electrostatic fields, it becomes randomly oriented due to thermal fluctuations. The final alignment is a competition between both effects, and can be expressed as a statistical average of the Boltzmann factor, performed over all possible angular orientations. This leads to 61, 63 
The dipolar term induces an effective attraction in the regions where E(r) reaches its maximum value, namely the internal and external interfaces of the hydrogel membrane. Therefore, cosolutes with high values of µ c will tend to get adsorb onto both layers.
The third contribution of the electrostatic term is usually referred as the Born interaction.
It reflects the change in the self-energy cost of charging the cosolute inside the charged hydrogel versus bulk solvent, ∆V Born (r) = V Born (κ(r)) − V Born (κ bulk ). In the Debye-Hückel approximation, the leading order of this interaction up to the dipole level is 61, 62 βV
where λ B = e 2 /(4π r 0 k B T ) is the Bjerrum length, κ(r) = (4πλ B (ρ + (r)+ρ − (r)+z is the local inverse Debye screening length at position r, and κ bulk = (8πλ B ρ s ) 1/2 . 49 In the definition of κ(r), ρ + (r) and ρ − (r) are the number density of positive and negative salt ions, respectively, and we have assumed the specific case of monovalent salts. Due to the higher value of the screening constant inside the hydrogel network, the Born free energy represents an attractive interaction that pulls the charged cosolute inside the hydrogel network. It should be noted that deviations from Eq. 9 can arise for strongly charged cosolutes due to non-linear effects beyond the Debye-Hückel approximation, or for highly asymmetric distribution of charges within the cosolute due to the appearance of quadrupolar and higher order contributions to the electrostatic energy.
In addition to the electrostatic interaction, the cosolute also experiences a volume work against the osmotic pressure exerted by the ions inside the hydrogel network. 46 Within the ideal gas approximation, the effective osmotic repulsion inside the hydrogel reads as
It is important to remark that, for strongly charged polymer networks, certain amount of counterions may be condensed onto the polymer chains, so the real concentration of mobile counterions should be corrected by the Manning theory or other improved models that treat the counterion condensation phenomenon. [64] [65] [66] As the hydrogel charge density considered in this work is small enough to keep the Manning parameter below unity, we neglect this effect.
Lastly, but not less important, the third term of the right hand side of Eq. 3 represents the excluded-volume (or steric) repulsion caused by the polymer chains onto the cosolute particle. It is formally given by βV steric = − ln(v avail /v), where v is the total volume of the hydrogel and v avail is the actual available volume (not excluded by the polymers) for a cosolute particle of radius R c . v avail can be calculated for certain morphologies of the hydrogel network. In particular, if the internal polymer network is modelled by an assembly of randomly oriented straight polymer chains of radius R m , the steric repulsion is given by the following analytical expression by [67] [68] [69] βV steric (r) = − 1 + R c R m where φ p (r) is the local polymer volume fraction. This term is strongly dependent on the swelling state of the hydrogel. It is negligible for swollen hydrogels but leads to very high repulsive steric barriers near the collapsed state, therefore hindering the cosolute in-diffusion across the hydrogel. This model for the steric repulsion should be regarded as a first approximation that fulfills the right limiting behavior, namely V steric → 0 for φ p → 0, and
In general, this interaction is determined by the geometrical constrains induced by the polymer fibers, and so may depend on the particular morphology of the cross-linked polymer network, the polymer flexibility, and on the existence of polymer fluctuations, which can reduce the obstruction exerted by the polymers, especially in the limit of collapsed networks. 70 We also note that we neglected in this work the action of a mean-field attractive contribution, 46 for example stemming from a mildly hydrophobic or dispersion interaction between solutes and polymer. While in general relevant, we avoided this additional parameter for now as it would in principle only scale the steric interaction (11) up and down and not add more qualitative insight to the already convoluted kinetic findings.
The total effective interaction is connected to the equilibrium cosolute distribution through the relation ρ eq c (r) = ρ bulk c e −βV eff (r) . Note that the electrostatic potential itself depends on the equilibrium density (via the Donna term) and thus the equation must be solved selfconsistently. Therefore, by examining the form of V eff (r), the degree of absorption inside the core and at the external corona of the hollow hydrogel can be determined, and the location where the cosolute will preferentially partition predicted. However, as it will be shown in the following section, not only the equilibrium properties are affected by V eff (r), but also the dynamic properties arising in non-equilibrium conditions.
Dynamic Density Functional Theory for the cosolute encapsulation kinetics
To investigate the time evolution of the cosolute concentration, we make use of Dynamic Density Functional Theory (DDFT) as our theoretical framework. 47, 71 This method describes how an initial non-equilibrium density profile of cosolute particles evolves in time to finally reach the equilibrium state, in the presence of an external potential. In contrast to the ideal diffusion equation, DDFT also considers the effect of the cosolute-cosolute and cosolutehydrogel interactions and the position dependence of the diffusion coefficient that occurs when the cosolute diffuses through the polymer network.
Since the cosolute cannot be created or destroyed in the system (mass conservation), its diffusion follows the continuity equation:
where J c ( r, t) denotes the space and time-dependent net flux. According to DDFT, this flux is proportional to the gradient of the cosolute chemical potencial (μ c ),
Due to the spherical symmetry of the hydrogel, both equations can be written in terms of the distance to the hydrogel center, r:
The main assumption of this theory relies on the approximation that the above defined non-equilibrium space and time dependent chemical potential can be deduced from the func-30 tional derivative of the equilibrium free energy 72, 73 µ c ( r, t) = δF [ρ c ( r, t)] δρ c ( r, t) .
In equilibrium,μ c becomes time and position independent, the net flux becomes zero, and so the cosolute concentration becomes time independent, as expected.
In order to have a complete theory, we need to find a fair approximation for the equilibrium free energy functional. In this work, we propose the following expression: 
where the integrals are performed over the entire volume of the system, and Λ c is the thermal wave length of the cosolute. The first term of Eq. 16 corresponds to the ideal contribution.
The second one accounts for the interaction of the cosolutes with the effective mean-field potential V eff (r) induced by the hydrogel and the ionic cloud (which includes the electrostatic, osmotic and steric contributions deduced in the previous section). The third term accounts for the short-range repulsion among the cosolute molecules. We neglect any specific attraction between cosolute molecules. We thus approximate the cosolutes by hard spheres with certain effective radius R c , and approximate the free-energy density by the Carnahan-Starling expression 73 βf HS (r) = 4φ c (r) − 3φ c (r)
where φ c (r) = should also be explicitly considered in the theory. In this work we approximate that dipole interactions only act on the one-body level with the mean-field electric external field, E(r).
which is an interesting issue for future work.
The theory presented above requires that the solvent and ion degrees of freedom relax very fast compared to the cosolute diffusion. Since ionic species and water molecules are in general very small compared to the size of cosolutes such as proteins and other biomolecules, it is a good approximation to assume that ions and solvent molecules distribute instantaneously around the cosolutes during the absorption process. 
where D 0 is the cosolute diffusity in the bulk solution. The dependence on the polymer volume fraction within the hydrogel comes through parameter α, which can be approximated by α = βV steric = −(1 + R c /R m ) 2 ln(1 − φ p ). The numerator on Eq. 18 accounts for the steric obstruction caused by the polymers, which partially inhibits the free diffusion of the cosolute, as many displacements are not allowed. On the other hand, the denominator is the Brinkman's equation for the hydrodynamic retardation effect. 76 According to this model, the polymer chains around the solute restrict the solvent in its motion, which leads to an enhanced friction between the cosolute and the solvent. The final cosolute diffusivity is the combination of both effects, and leads to a strong reduction of D c as the hydrogel network approaches the collapsed state. It should be emphasized that the mobility of hydrophobic or polar cosolutes can become relatively complex in denser (especially collapsed) networks where it may be significantly reduced due to specific adsorption onto the polymer chains, which leads to a non-viscous, activated-diffusion process. 70 A similar 'trapping' effect may arise for strongly charged polymers when electrostatic cosolute condensation may occur.
77
For these situations, Eq. 18 needs to be generalized to correctly account for such phenomena.
The position dependent diffusion coefficient, D c (r), is obtained considering the dependence of the polymer volume fraction with r, φ p (r), given by Eq. 1.
In order to solve the DDFT differential equations, we need to specify three boundary conditions. The first condition establishes that the net flux in the center of the hydrogel must be zero due to the spherical symmetry of the system J c (r = 0, t) = 0 ∀t
For a very diluted suspension of hydrogel particles, the cosolute concentration far away from the hydrogel must be given by the corresponding bulk value. This is the second boundary condition:
The third condition specifies the initial distribution of cosolute. As we are interested on studying the cosolute loading, we can assume that at time t = 0 all the cosolute molecules 
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